The operad of framed little discs is shown to be a cyclic operad. This answers a conjecture of Salvatore in the affirmative, posed at the workshop 'Knots and Operads in Roma,' at Università di Roma "La Sapienza" in July of 2006 and can be seen as a step in his program, using the machinery of McClure-Smith, to endow the space of framed long knots in R n with an action of the operad of framed 2-discs.
Statement and proof
Both the author [1] and Paolo Salvatore [3] have constructed actions of the operad of 2-cubes on the 'framed' long knot spaces EC(1, D n ) defined in [1] . The further question, 'does the operad of framed 2-discs act on the spaces EC(1, D n )?' has been more difficult to answer. In Salvatore's approach to this question, which is built on the work of Sinha [4] and in turn on a sequence of preprints of McClure and Smith, a natural first step is to prove that the operad of framed discs is cyclic, which is the subject of this note.
We will follow the conventions of the book 'Operads in Algebra, Topology and Physics' by Markl, Shnider and Stasheff [2] . Let S n be the unit sphere in R n+1 , and consider R 0 ⊂ R 1 ⊂ R 2 ⊂ · · · . Let D n ⊂ S n be the lower hemisphere in S n , thus ∂D n = S n−1 ⊂ S n . The group GL + (R n+1 ) of orientation-preserving linear automorphisms of R n+1 acts on S n (thought of as the space of rays emanating out of 0), thus there is a homomorphism GL
The set of all such (j + 1)-tuples will be denoted FD n (j). There are maps
. If we think of FD n (j) as a subspace of the space of functions {0, 1, · · · , j} → Aff(S n ), there is a natural right action of Σ j on FD n (j). The above maps together with the actions of Σ j for j ∈ {1, 2, · · · } endow FD n with the structure of an operad. In Theorem 1.2 we prove FD n is a cyclic operad. First, we prove FD n is equivalent to the operad of framed little n-discs, fD n . To do this we need an intermediate operad. ED n (j) is the space of j -tuples of smooth embeddings D n → D n , whose images have disjoint interiors. The operad operations are defined via composition, as above.
Proposition 1.1 There exists operad maps which are homotopy-equivalences:
fD n → ED n ← FD n Proof An operad map FD n → ED n is given by inclusion. This map is a homotopy-equivalence by the classification of tubular neighbourhoods theorem. An operad map fD n → ED n is given by conjugation by stereographic projection. To make sense of this, think of fD n (j) as the space of j -tuples of orientation-preserving affine linear embeddings of D n 2 in D n 2 , whose images have disjoint interiors. D n 2 is the disc of radius 2 centred about the origin in the tangent space to S n based at (0, 0, · · · , 0, −1), thus stereographic projection at (0,
The map fD n → ED n Theorem 1.2 FD n is a cyclic operad.
Proof We define a right Σ 
We now verify the three axioms of a cyclic operad, given in terms of three diagrams that must commute.
Axiom (i)
states that the transposition (01) = τ 1 fixes the identity element of FD n (1), which can be checked: (π, I).τ 1 = (πI −1 I, πI −1 π) = (π, I).
Axiom (ii) states that the diagram below commutes:
preprint which we check by going around the diagram two ways, first the clockwise direction.
and the counter-clockwise direction Axiom (iii) states that the diagram below commutes:
FD n (i + j − 1)
FD n (i) × FD n (j)
which we check by going around the diagram both ways, first clockwise.
(f • k g).τ i+j−1 = (π, f 1 , · · · , f k−1 , f k g 1 , · · · , f k g j , f k+1 , · · · , f i ).τ i+j−1
= (π, πf
